Abstract. Let R be a commutative Noetherian ring, a a proper ideal of R and M a finite R-module. It is shown that, if (R, m) is a complete local ring, then under certain conditions a contains a regular element on D R (H c a (M )), where c = cd(a, M ). A non-zerodivisor characterization of relative Cohen-Macaulay modules w.r.t a is given. We introduce the concept of relative Cohen-Macaulay filtered modules w.r.t a and study some basic properties of such modules. In paticular, we provide a non-zerodivisor characterization of relative Cohen-Macaulay filtered modules w.r.t a. Furthermore, a characterization of cohomological dimension filtration of M by the associated prime ideals of its factors is established. As a consequence, we present a cohomological dimension filtration for those modules whose zero submodule has a primary decomposition. Finally, we bring some new results about relative CohenMacaulay modules w.r.t a.
Introduction
Throughout this paper, let R denote a commutative Noetherian ring with identity and a a proper ideal of R. For any non-zero R-module M, the ith local cohomology module of M is defined as V(a) denotes the set of all prime ideals of R containing a. For an R-module M, the cohomological dimension of M with respect to a is defined as cd(a, M) := sup{i ∈ Z | H i a (M) = 0} which is known that for a local ring (R, m) and a = m, this is equal to the dimension of M. For unexplained notation and terminology about local cohomology modules, we refer the reader to [3] and [4] . The notion of cohomological dimension filtration (abbreviated as cd-filtration) of M introduced by A. Atazadeh and et al. [1] which is a generalization of the concept of dimension filtration that is defined by P. Schenzel [20] in local case. For any integer 0 ≤ i ≤ cd(a, M), let M i denote the largest submodule of M such that cd(a, M i ) ≤ i. Because of the maximal condition of a Noetherian R-module the submodules M i of M are well-defined. Moreover, it follows that M i−1 ⊆ M i for all 1 ≤ i ≤ cd(a, M). In the present article, we will use the concept of relative Cohen-Macaulay modules. An R-module M is relative CohenMacaulay w.r.t a whenever H i a (M) = 0 for all i = height M (a). In other words, M is relative Cohen-Macaulay w.r.t a if and only if grade(a, M) = cd(a, M) (see [18] ). Notice that this concept has a connection with a notion which has been studied under the title of cohomologically complete intersection ideals in [11] . It is well-known that height R (a) ≤ cd(a, R) ≤ ara(a). The ideal a is called a set-theoretic complete intersection ideal whenever height R a = ara(a). A set-theoretic complete intersection ideal is a cohomologically complete intersection ideal. Recently, relative Cohen-Macaulay modules have been studied also in [12] . Sharp [21] and some other authors have shown that a Cohen-Macaulay local ring R admits a canonical module if and only if it is the homomorphic image of a Gorenstein local ring. In particular, if R is a complete Cohen-Macaulay local ring of dimension n, then w R = Hom R (H n m (R), E(R/m)) is a canonical module of R. The outline of the paper is as follows. Section 2 is devoted to discuss main topics of this paper. We initiate this section by showing that if (R, m) is a complete local ring and M is relative Cohen-Macaulay w.r.t a with cd(a, M) = c > 0, and Supp R (H As an application of Theorem 1.1, we bring the next result (see Corollary 2.23). We define the cohomological deficiency modules of M as the matlis duality of H i a (M) for i = cd(a, M), denoted by K i a (M) and further cohomological canonical module of M if i = cd(a, M). One of the main purposes of this section is to introduce a new class of modules over R called relative Cohen-Macaulay filtered modules (or relative sequentially Cohen-Macaulay modules) w.r.t a, abbreviated by RCMF modules. This is an extension of the concept of Cohen-Macaulay filtered modules (sequentially Cohen-Macaulay modules) introduced by P. Schenzel [20] for local case. The concept of sequentially Cohen-Macaulay modules was introduced by Stanley [22] for graded modules. It is interesting that any relative Cohen-Macaulay R-module w.r.t a is an RCMF R-module w.r.t a. But, any RCMF R-module w.r.t a is not a relative CohenMacaulay R-module w.r.t a necessarily. We derive permanence properties of RCMF modules. More precisely, basic properties of RCMF modules with respect to nonzerodivisors, localization and completion are discussed. One of the main results of this section is the following theorem (see Theorem 2.24). As another main result of this section, we provide a necessary and sufficient condition for a filtration to be cd-filtration of a module by the associated prime ideals of its factors (see Theorem 2.27).
be a filtration of the finite R-module M and cd(a, M 0 ) = 0. The following conditions are equivalent:
Atazadeh and et al. [1, Theorem 1.1] proved that if a finite R-module M has a cd-filtration, then this filtration is uniquely determined by a reduced primary decomposition of the zero submodule in M. In the present paper, without such a condition on M, we present a cd-filtration for all R-modules whose zero submodule has a primary decomposition (see Corollary 2.28). In section 3, we study relative Cohen-Macaulayness in rings and modules. In view of [15, Proposition 2.3] , it follows that if (R, m) is a Cohen-Macaulay ring, then for a maximal Cohen-Macaulay non-zero module M, relative Cohen-Macaulayness of the ring R and the module M is equivalent, whenever Supp R (M) = Spec(R). We determine equivalency between two classes of relative Cohen-Macaulay rings and modules, "multiplication" and "semidualizing" modules, in 
Cohomological dimension filtration and relative Cohen-Macaulay filtered modules
In this section, we define and study relative Cohen-Macaulay filtered modules. As the main objective, a characterization for such modules is presented in Theorem 2.24 and also a characterization of cd-filtration is presented in Theorem 2.27. We begin by recalling the definition of cohomological dimension filtration due to Atazadeh and et al. in [1] and the concept of relative Cohen-Macaulayness due to Zargar in [18] . Related to the definition of RCMF modules, we state the notion of relative CohenMacaulay filtration w.r.t a which will be useful in the process. Proof. First, it is clear that cd(a, C i ) ≤ i for all 0 ≤ i ≤ c. Also we have
As C j+1 is either zero or (j + 1)-cohomological dimensional relative Cohen-Macaulay module w.r.t a, it follows that H
Another formulation is the b-finiteness dimension of M relative to a which is defined by f
where b is the second ideal of R without assuming b ⊆ a in general. By convention, the infimum of the empty set of integers is interpreted by ∞.
Proof. First, note that we have f a (M) = cd(a, M) as M is relative Cohen-Macaulay w.r.t a and so cd(a,
Therefore cd(a, M) = cd(a, R/p).
Here several examples of RCMF modules are provided. In order to prove part (e), we bring the following remark. On the other hand, since cd(a, Γ a (M)) ≤ 0, we have Γ a (M 0 ) = Γ a (M) as M 0 is the largest submodule of M with cd(a, M 0 ) ≤ 0. Therefore considering the following exact sequence 
According to the above definition, we bring the following property of the cohomological canonical module of R. In the next proposition, we provide a cohomological result of RCMF modules. 
We will provide the definitions and results which are needed in the process. The following definition is a generalization of the concept of a-filter regular M-sequences which has been stated in [5] . Definition 2.13. (see [23] ) A sequence x 1 , . . . , x n of elements of R is called an a-filter
By definition, it deduces that every regular M-sequence is an a-filter regular Msequence and any R-filter regular M-sequence is a poor regular M-sequence.
Remark 2.14.
(i) Let n be a positive integer. By definition, we can find n elements of a which form an a-filter regular M-sequence as follows. If Ass R (M) ⊆ V(a), then choose y 1 ∈ a arbitrarily. If not, since a ∪ p∈Ass R (M )\V(a) p, there exists y 1 ∈ a such that y 1 / ∈ p for all p ∈ Ass R (M) \ V(a). Again, if Ass R (M/y 1 M) ⊆ V(a), then choose y 2 ∈ a arbitrarily. If not, since a ∪ p∈Ass R (M/y 1 M )\V(a) p, there esists y 2 ∈ a such that y 2 / ∈ p for all p ∈ Ass R (M/y 1 M)\V(a). Proceeding the same way, we can find y 1 , . . . , y n ∈ a which form an a-filter regular Msequence.
(ii) For any positive integer n, there are n elements of R which form a poor regular M-sequence.
Definition 2.15. (see [16] and [17] ) For a ring R, let E R be the injective hull of the direct sum ⊕ m∈Max(R) R/m of all simple R-modules and D R (−) be the functor Proof. In the proof of [13, Lemma 3.3] , it is used the fact that for every exact sequence of R-modules, the finiteness of sided modules lead to the finiteness of the middle one. Thus the same method of the proof works exactly replacing "finite modules" by "zero modules". Applying Lemma 2.16, we obtain the following result which is needed for Corollary 2.21.
Lemma 2.17. Let n be a positive integer such that Ext
In particular, it holds for n = cd(a, M).
Proof. By Grothendieck's Vanishing Theorem [4, Theorem 6.1.2], we may assume that n ≤ dim M. In view of Remark 2.14(i) and using Lemma 2.16, we can trace the same method of the proof of [13, Theorem 3.4] by replacing "finite modules" by "zero modules" to get the assertion.
Notice that the assumption "complete local" in [13, Lemma 3.3 and Theorem 3.4] is due to show that the finiteness properties of local cohomology modules. But we eliminated it in Lemma 2.17 because we do not need this assumption for vanishing of local cohomology modules. 
we obtain the following exact sequence We are now ready to bring an effective application of the above theorem which is needed in Theorem 2.24. We are now in a position to bring a non-zerodivisor characterization of RCMF modules. where a 0 = cd(a,R/p j )=0 p j . Let cd(a, R/p j ) = 0. Then we have H 0 a (R/p j ) = 0 and so there exists r ∈ R \ p j and n ∈ N such that ra n ⊆ p j . Thus a ⊆ p j that is impossible because p j ∈ Ass R (M). Therefore {p j | cd(a, R/p j ) = 0} = ∅ and hence H 0 a 0
i=0 is a relative CohenMacaulay filtration of M/xM w.r.t a by Corollary 2.23. Notice that Another property of RCMF modules is about localization behaviour. It is clear that if M is a relative Cohen-Macaulay R-module w.r.t a and p ∈ Supp R (M) ∩ V(a), then M p is relative Cohen-Macaulay R p -module w.r.t aR p and cd(a, M) = cd(aR p , M p ). We can also show that passage to completion preserves the property of RCMF, as illustrated below. The other main result of this section is a characterization of the cd-filtration of M in terms of associated prime ideals of its factors. For all i, set Ass 
Proof. By virtue of [1, Proposition 2.6 (iii)], we only have to prove the implication (i) ⇒ (ii). First, we claim that
Contrarily, assume that for some 1 We end this section by a consequence of the above theorem which gives us a cdfiltration for certain modules. 
For convenience, we denote the right side of (1) by A for the rest. So there exists x ∈ A such that x / ∈ M i−1 . Notice that (M i−1 : x) = (N r : x). Now, as N r is p r -primary, there exists t > 0 such that p r t M ⊆ N r . Hence p r t x ⊆ M i−1 . Suppose that s ≥ 0 is the least integer such that p r s+1 x ⊆ M i−1 and p r s M i−1 . This implies that there exists y ∈ p r s x such that y / ∈ M i−1 . Now, it is easy to see that p r = (M i−1 : y), i.e., p r ∈ Ass R (M i /M i−1 ). This completes the proof.
Relative Cohen-Macaulayness in rings and modules
In this section, we prove some results concerning relative Cohen-Macaulay rings and modules. We begin by determining two classes of modules for which relative Cohen-Macaulayness is equivalent for rings and modules. 
